In this paper, we analyze the dynamic behavior of directly modulated semiconductor lasers as the modulation index is varied, with an emphasis on the influence of noise at two different biasing levels. We studied the route to chaos followed by the deterministic system when the modulation frequency is two times the resonance frequency. We found that the behavior is more complex than that of a Feigenbaum sequence. In addition, a period tripling stable solution, which appears due to a fold bifurcation, coexists with the Feigenbaum sequence for certain values of the modulation index. Their coexistence gives rise to hysteresis loops and chaotic bifurcations, namely boundary crisis. Due to the coexistence of solutions in the deterministic system, the role of noise can be expected to be of great importance. When noise fluctuations are introduced in the model, the behavior evolves from the single periodic response through period doubling, period quadrupling, and period tripling in accordance with recent experimental studies. We have also found agreement in the behavior at different conditions of the analysis by varying the biasing point and the modulation frequency. Our results show that in the route to chaos, the period-doubling sequence is effectively truncated due to random noise. The reason for the truncation is found in the nearby coexisting period-three solution.
I. INTRODUCTION
T HE dynamic behavior of laser diodes has been extensively studied using a set of coupled ordinary differential equations, broadly known as rate equations. Many theoretical studies using this model have shown that directly modulated semiconductor lasers should present a route to chaos through period-doubling bifurcations as the modulation index is increased [1] . The occurrence of a period-doubling bifurcation has been confirmed experimentally [2] and only recently, a route to chaos via period doubling, period quadrupling, and period tripling has been found [3] , [4] . This experimental route to chaos differs from the one expected theoretically, via successive period-doubling bifurcations following a Feigenbaum sequence.
Since noise was ignored in early theoretical studies relying on deterministic models of the laser, the experimental absence of stable high period bifurcations has been attributed to the laser noise fluctuations [2] . The reason is that due to the Feigenbaum size scaling, as successive bifurcations take place and the period of the solution increases, the deterministic amplitude variations narrow. Therefore, one would expect the sequence of bifurcations to stop when the amplitude of the noise fluctuations becomes comparable to these deterministic variations. Nevertheless, to the best of our knowledge, the only study in detail of the effect of noise on the dynamic behavior of semiconductor lasers analyzed its behavior close to the first period doubling bifurcation [5] . This study was based on the noise precursor theory developed by Wiesenfeld [6] , demonstrating that noise can act as an important precursor for the period doubling bifurcations allowing us to forecast the occurrence of a period doubling bifurcation by observing the output spectrum.
In this paper, we analyze the period-doubling route to chaos obtained in directly modulated laser diodes as the modulation index is increased. Using standard methods in nonlinear dynamics, as well as sophisticated continuation theory methods, the deterministic model is investigated thoroughly. We have found the well-known period-doubling route to chaos which coexists, as we shall present, with a periodthree solution introduced in the system by a fold bifurcation. As a result of this coexistence, hysteresis effects appear in the dynamic behavior of the laser diode [7] . Once the deterministic solutions are known, Langevin noise sources are incorporated to the rate-equation description of the laser. When the noisy model is used, the laser shows a jump to the period-three solution as soon as a positive Lyapunov exponent appears in the period-doubling branch. Therefore, the coexistence of solutions, as well as the noise fluctuations allowing the transition, are responsible for the truncation of the Feigenbaum sequence.
II. THE STOCHASTIC LASER DIODE MODEL
The stochastic model that we have used for the intrinsic laser diode is based on the rate equation system in which Langevin noise sources have been introduced [5] - [8] . The present analysis employs normalized unit-order dimensionless variables for the photon and carrier densities as well as time.
The normalization is such that and . The system of equations is given by is the confinement factor, the spontaneous emission factor and is the threshold carrier density of the laser diode. In (1) and (2), and are the normalized carrier transparency population density and nonlinear gain compression factor, respectively. and are the Langevin noise sources arising from the discrete nature of carrier generation and recombination processes and the spontaneous emission, respectively [8] .
On the right-hand side of (1), the first term is the injection of current, composed of a constant bias term and of a sinusoidally varying modulation, with normalized angular frequency ( is the applied modulation frequency). The bias and modulation levels are defined, respectively, by the bias index and modulation index . The modulation index is the control parameter of the present study. The values of the laser parameters, obtained from recent publications, are presented in Table I . In our normalized notation, we obtain that 500, 0.004, 0.6429, 2.8, and .
III. NUMERICAL ANALYSIS OF THE NONLINEAR BEHAVIOR
The numerical data that we are going to present in this section corresponds to the deterministic analysis of the rateequation system. This implies that the Langevin noise sources in (1) and (2) have not been taken into account. For the sake of comparison between the deterministic and the stochastic results (presented in the next section), and due to the particularities of the numerical solution of stochastic systems, we have used an Euler method to solve both the deterministic and the stochastic systems. The data are presented in a collection of bifurcation diagrams. For their construction, the variables of interest are sampled at a fixed phase point of the sinusoidal input current modulation. When this stroboscopic recording of the system variables has been obtained for several levels of the modulation index, the samples at each level are then plotted versus the modulation index.
In Fig. 1 , we present the bifurcation diagram obtained with the deterministic laser model when the modulation index is swept forward and backward. The bias index is 1.25 and the modulation frequency is chosen to be twice the resonance frequency. The resonance frequency is then a subharmonic of the modulation frequency, and the device is therefore subject to a parametric forcing, showing the most interesting types of behavior [3] - [5] . As we mentioned earlier, we have taken the modulation index as bifurcation parameter.
At the lowest indices of modulation, the laser follows the periodic variation imposed by the modulation current. This behavior corresponds to a single spot in the bifurcation diagram. As the modulation index is increased, three successive perioddoubling bifurcations (to periods 2, 4, and 8 behavior) appear consecutively as the modulation index reaches 1, 3.9, and 4.5, respectively. At the modulation index 4.6, the bifurcation diagram shows continuous traces indicating that chaotic behavior has been reached, as was predicted in many previous studies [1] . The chaoticity of the behavior has been tested calculating the Lyapunov exponents, which measure the sensitivity to initial conditions. The Lyapunov exponents are calculated by integrating the equivalent linear system of (1)-(3) over several periods of the solution ( periodic) with a unit modulus random initial condition. In order to keep its growth limited, at every period of the solution the linear system solution is normalized to unity dividing by its modulus at that time instant . After periods, the Lyapunov exponent is calculated as [9] (4)
The maximum Lyapunov exponent for the solutions on the upward sweep presented in Fig. 1 is plotted in Fig. 2 . The region where positive exponents are obtained corresponds to the appearance of continuous traces in the bifurcation diagram, clearly indicating the chaotic behavior. Also, the period-doubling bifurcation points already mentioned appear, effectively showing null exponents.
When the modulation index is increased to 5.6, the chaotic behavior disappears and the laser is left in a periodthree stage in which it remains up to a modulation index level at which chaotic behavior appears again until the end of the forward sweep. Starting at this maximum value and sweeping backward, we start with the period-three solution.
The behavior changes to period four when reaches 4.5. From then on down to 0.1, the same bifurcation diagram as that of the upward sweep is obtained. We have therefore identified an interval of the modulation index in which two solutions coexist, clearly identified in Fig. 1 . Within the interval ranging from 4.6 to 5.5, a hysteresis loop is formed between the period-doubling cascade and the period-three solution as the modulation index is varied [7] .
At this point, it is interesting to show the bifurcation diagram at a different conditions of the parameters: the bias index and the modulation frequency . First, we obtained the bifurcation diagram for the same biasing level as in Fig. 1,  1 .25, but with a different modulation frequency. For the presentation of the following bifurcation diagrams, we found it useful to introduce a new parameter into the analysis, the ratio between the modulation frequency and the resonance frequency. The frequency ratio for Fig. 1 was  2 . We now decrease this ratio to 1.478, with the modulation frequency less than half that of the modulation frequency. Under these conditions, the bifurcation diagram presented in Fig. 3(a) shows two period-doubling bifurcations to a perioddouble and period-quadruple behavior, followed by a period halving which leaves the system with a period two solution. This confirms the fact that modulation frequencies close to the harmonics of the resonance frequency unstabilize the system. A similar result can be obtained if instead of decreasing the modulation frequency, we increase the resonance frequency. This is achieved by increasing the bias index. In this study, we present the bifurcation diagrams that were obtained for the bias index 1.375. In Fig. 3(b) , the frequency ratio is set at 1.411, and the results are similar to those in Fig. 3(a) , as we expected. The fact that decreasing modulation frequencies lead to an increasingly stable system is also proven when the frequency ratio is decreased to 1.209 at the 1.375 bias level. The behavior of the system under this last set of conditions is presented in Fig. 3(c) , showing a suppression of the period-quadrupling behavior. This behavior, where the nonlinear regimens are changed with variations of and values is in good agreement to that obtained experimentally by Ngai and Liu [3] , [4] .
In order to understand the hysteresis phenomena, we have used a continuation method to obtain the unstable branch of the period three solution in Fig. 1 [7] . The return points of the newly calculated unstable solution were also plotted in Fig. 1 . The spots corresponding to this solution have been drawn with a thicker line, providing a clear picture of what is really happening. At 4.6, a tangent bifurcation introduces simultaneously stable and unstable period three solutions. This newly created pair of solutions coexists with the perioddoubling cascade. One can also observe in Fig. 1 that as the modulation index is increased, the basin of attraction of the period-doubling sequence is gradually reduced. This reduction finally ends when the chaotic attractor collides with the unstable branch of the period-three solution. As a result of this phenomenon, called boundary crisis [10] , the chaotic solution disappears. However, what we have just described is the behavior of the deterministic model.
IV. RESULTS OF THE STOCHASTIC ANALYSIS
The question that we want to answer now is whether the noise introduces significant changes in the behavior of the laser diode presented above. We expect changes only in the case where we find a coexistence of different solutions. For this reason, we have obtained the bifurcation diagrams when noise is introduced into the system.
In this paper, we present single realizations of the stochastic process under the different sets of conditions presented in the deterministic study. The stochastic bifurcation in Fig. 4(a) corresponds to that presented in Fig. 1 . Comparing both diagrams, the crucial role of noise is clearly displayed. First of all, it can be observed that the lines in the bifurcation diagram have become thicker. Being a single realization, the small deviations introduced by noise over the stable deterministic solutions appear in the plot. Whereas the first period-doubling bifurcation can be clearly appreciated, at the period-quadrupling behavior the amplitude difference is blurred by the noise fluctuations making it look like a noisy period-two behavior. Fourier analysis of the time evolution shows a peak at the frequency corresponding to the period quadrupling bifurcation (Fig. 5 ). The main difference between both diagrams is the truncation of the period doubling route to chaos. The system no longer reaches the chaotic behavior at the end of the period-doubling cascade. As soon as the deterministic system reaches to a solution with positive Lyapunov exponents, the introduction of noise allows it to jump to a coexisting stable period-three solution. It is worth mentioning that the route to chaos found using the stochastic model coincides qualitatively with that found in the experimental work by Ngai and Liu in laser diodes [3] , [4] .
The stochastic bifurcation diagrams presented in Fig. 4(b) -(d) correspond to the deterministic ones presented in Fig. 3(a)-(c) . It can be observed that the behavior does not change qualitatively from the observed in the deterministic case. As we expected, since the initial branch of solutions remains stable throughout the entire span of the modulation index, noise does not introduce significant changes of behavior.
V. CONCLUSION
In our study of the deterministic laser model we have found that the period-doubling route to chaos coexists with a periodthree solution. This coexistence gives rise to a hysteresis loop in which both transitions from one attractor to the other occur via catastrophic bifurcations, which are a kind of global bifurcation. It is worth mentioning that this type of bifurcation has no associated precursors and therefore their occurrence cannot be forecast as they were with the perioddoubling bifurcations. Using a stochastic rate-equation model, introducing the noise effects into the model, we have shown for the first time that the period-doubling sequence to chaotic behavior is truncated in favor of the coexisting stable periodthree solution. As soon as a positive Lyapunov exponent appears on the period-doubling sequence, noise induces the transition from this branch of solutions to the coexisting period-three solution. The transition to chaos occurs via period doubling followed by period quadrupling and period tripling in accordance with experimental data rather than through a Feigenbaum sequence. This new route to chaos, where the Feigenbaum sequence is truncated, could be related to other types of laser experiments, like frequency-modulated CO lasers [10] , [11] or -switched CO lasers [12] where similar observations have been found. 
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